INTRODUCTION
In this paper we shall consider a general class of equations with a restoring force of attractive type that includes where c G 0, ␣ ) 0, and p is a continuous T-periodic function for some T ) 0. We are interested in the existence and stability of positive T-Ž . periodic solutions of 1 .
The existence of T-periodic solutions of this class of equations where the restoring force is a singular nonlinearity that becomes infinite in zero w x has been proved by Lazer and Solimini 2 for the case without friction Ž . w x c s 0 and by Habets and Sanchez 1 for the damped case. However, thé stability properties of these solutions have been less studied. It is well Ž Ž . . known that for the autonomous case p t ' p ) 0 , this equation has a 0 unique saddle point. In this paper we prove that the dynamics of the Ž . periodic equation 1 is similar to the autonomous case. For our study is n w x fundamental a Massera's convergence theorem in ‫ޒ‬ given by Smith in 6 .
The paper is divided in three sections. In Section 1, the main results are Ž . stated. It is seen that 1 has a unique unstable periodic solution .
Moreover, for the damped case it is proved that there exists a global stable manifold of this periodic solution which is determined by a strictly decreasq Ž q w .. ing map h: ‫ޒ‬ ª ‫ޒ‬ being ‫ޒ‬ s 0, qϱ such that this graph divides the 0 0 Ž . plane of initial conditions in two open sets, one of them set A in Fig. 1 corresponds to the solutions that tend to qϱ as t ª qϱ, and the other Ž . set B to the solutions that goes to zero in finite time, that is, the ones Ž . that are ''absorbed'' by the singularity. When the potential V x is infinite q Ž . q Ž q Ž .. as x ª 0 case ␣ G 1 , we have that h: ‫ޒ‬ ª ‫ޒ‬ being ‫ޒ‬ s 0, qϱ is Ž . q Ž . a homeomorphism, whereas if V x is finite as x ª 0 case 0 -␣ -1 Ž . there exists¨g ‫ޒ‬ such that h¨s 0.
s s
Similar results are showed for the unstable manifold. As a consequence, there are no homoclinic points.
We prove these results in Section 2. For this, the study of the behavior of the solutions and its derivatives according to its maximal interval of Ž y q .
y q existence w , w , yϱ F w -w F qϱ, is fundamental. Some properties of comparison of solutions are given which are needed in the proofs. Finally, in Section 3, we remark that the previous results are true for the undamped case.
MAIN RESULTS
Let us consider the forced Lienard equation,
where f, g: ‫ޒ‬ q ª ‫ޒ‬ q are continuous and p: ‫ޒ‬ ª ‫ޒ‬ is continuous and T-periodic. Moreover, we assume that f and g have continuous derivative. The study of the stability can be done by using the topological degree as w x Ž . in 5 . However, we shall use the following lemma of linearization of 2 at a periodic solution.
If , are the characteristic multipliers of the equation
Proof. Multipliers verify 2 y ⌬ q W s 0,
Ž x where ⌬ is the discriminant and W s e g 0, 1 . We must prove that ⌬ ) 1 q W.
Let r, q the mean values of r and q, and w x r t s r q 1 y r t , q t s1 y q t ᭙ g 0, 1 .
Consider the equation Ž . Ž . z t -0 over t , t . Using the monotonicity of g we obtain 0 1
Since z t -0 and z t ) 0, an integration over t , t gives a contra-
From now we assume that all the conditions in Theorem 1 hold and that Ž .
t is the T-periodic solution given in this theorem. The following Ž . theorem describes the asymptotic behavior of trajectories of 2 . 
THEOREM 2. Assume that
0 -m s inf f F sup f s M -qϱ 4 Ž . and ' 2 q 2 M F m. 5 Ž . ' 2 y 2 Ž . Ž . w . If x t is a solution of 2 defined on t , qϱ then 0 X X lim x t y t s 0, lim x t y t s 0, Ž . Ž . Ž . Ž .
Ž .
tªqϱ w x Proof. We show first that the assumptions of Theorem 2 in 6 are
w x Ž w x. one can see that condition H3 in 6 see 4 is equivalent to the matrix f x q c Ž .
be negative definite for some and c, that is, Ž .x w X Ž . From 6 it follows that lim x t y t s 0, lim x t y tªqϱ tªqϱ X Ž .x Ä 4 t s 0 or that there exists a sequence t ª qϱ such that some of the n following cases hold:
If a holds, from the equation we obtain that x t q f x t x t ª yϱ n n n as t ª qϱ. Suppose that there exists a sequence ª qϱ such that
One can interlace t and and take t such that x t n n n n
Y Ž . has a local minimum at t . Then x t s 0 and x t G 0, so x t n n n n Ž . cannot tend to yϱ as t ª qϱ. Hence x t ª 0 as t ª qϱ. Now, by the n Ä 4 mean value theorem, there exists other sequence that we call again t n X Ž . X Ž . such that x t ª 0. As above, we get lim x t s 0. A new applican t ª q ϱ Ä 4 tion of the mean value theorem gives a sequence, called t , such that n Y Ž . x t ª 0. Evaluating the equation in t and taking limits we have a n n contradiction. Ž . X Ž . Ž . If a does not hold and x t ª qϱ resp. yϱ as t ª qϱ then n n Y Ž . Ž Ž .. Ž . x t q g x t ª yϱ resp. qϱ as t ª qϱ. Supposing that there
n n ª q ϱ t ª q ϱ n n with t --t for all n. Since g is strictly decreasing, we have that 
such that some of the following cases n n 0 hold:
As above, one can show that only c holds and that then lim x t s 0.
t ª w w x From Corollary 2.1 in 6 we can use the same reasonings for the Ž x Ž y x y solutions defined on yϱ, t or on w , t , w ) yϱ. 
It is then clear that lim
x w y ⑀ exists and must be negative. The existence of the stable manifold can be obtained from general results Ž . of hyperbolic manifolds via the Poincare map since t is a hyperbolić Ž w x. solution see 5 in the sense that the Floquet multipliers have modulus different from 1.
Ž . However, our proofs are done working directly on the Eq. 2 and, moreover, we describe the geometry of these hyperbolic manifolds.
Ž . Remark 2. Note that the choice of the initial time 0 in our case is not essential in the proofs. So, for any other initial time, that is, any other s Ž Ž .. section of the global stable manifold W t , the plane of initial conditions has the same structure.
Analogous results can be proved looking towards the past. In this case, we have the following theorem. 
is finite, the function ¨has the property that there exists Ž . g ‫ޒ‬ such that ¨s 0.
u u
Note that the intersection of h and determine the initial conditions of the periodic solution.
PROOFS
To prove the theorems of Section 1 we need to point out some facts.
Ž . The first is a comparison result of two solutions of 2 . In this section we shall assume that all the conditions on f, g in Theorems 1 and 2 hold. 
Proof. If the conclusion fails to hold, then there must be some Ž . Ž . then there exists a sequence ª qϱ such that x y x ) ⑀ for large n.
and it is enough to take ⑀ -␦rM. C s lim sup Ž .
Ž . Ž . In fact, let x ,¨g ‫ޒ‬ = ‫ޒ‬ be the initial conditions of t at t s 0. 
Ž .
n n
